
Eq. 57 is: 

𝑇𝑜

𝑌𝑜
=

2

tan(𝜑)
√

1 + 𝛽 tan(𝜑)

1 − 𝛽tan(𝜑)
𝑐𝑜𝑠−1(𝛽tan(𝜑))                                                                                  [57] 

 

The limit of Eq. 57 for  1 and   𝜋/4 is: 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = lim

𝛽→1
[ lim
𝜑→𝜋/4

[
2

tan(𝜑)
√

1 + 𝛽 tan(𝜑)

1 − 𝛽tan(𝜑)
𝑐𝑜𝑠−1(𝛽tan(𝜑))]] 

Applying the limit for  1: 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = lim

𝜑→𝜋/4
[

2

tan(𝜑)
√

1 + (1) tan(𝜑)

1 − (1)tan(𝜑)
𝑐𝑜𝑠−1((1)tan(𝜑))] 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = lim

𝜑→𝜋/4
[

2

tan(𝜑)
√

1 + tan(𝜑)

1 − tan(𝜑)
𝑐𝑜𝑠−1(tan(𝜑))] 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2 lim

𝜑→𝜋/4
[
√1 + tan(𝜑) 𝑐𝑜𝑠−1(tan(𝜑))

tan(𝜑)√1 − tan(𝜑)
] 

The expression √1 + tan(𝜑) = √2 is taken out of the limit because the indeterminate term "0/0"  

does not depend on √1 + tan(𝜑). Therefore: 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2 lim

𝜑→𝜋/4
[

𝑐𝑜𝑠−1(tan(𝜑))

tan(𝜑)√1 − tan(𝜑)
] 

Applying L'Hospital’s rule: 



lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2 lim

𝜑→𝜋/4

𝑑
𝑑𝜑

[𝑐𝑜𝑠−1(tan(𝜑))]

𝑑
𝑑𝜑

[tan(𝜑)√1 − tan(𝜑)]
 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2 lim

𝜑→𝜋/4

[
 
 
 
 −

𝑠𝑒𝑐2(𝜑)

√1 − tan(𝜑)2

𝑠𝑒𝑐2(𝜑)√1 − tan(𝜑) −
tan(𝜑)𝑠𝑒𝑐2(𝜑)

2√1 − tan(𝜑) ]
 
 
 
 

 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2 lim

𝜑→𝜋/4

[
 
 
 
 −

1

√1 − tan(𝜑)2

√1 − tan(𝜑) −
tan(𝜑)

2√1 − tan(𝜑)]
 
 
 
 

 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2 lim

𝜑→𝜋/4

[
 
 
 
 −

1

√1 − tan(𝜑)2

2(1 − tan(𝜑)) − tan(𝜑)

2√1 − tan(𝜑) ]
 
 
 
 

 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2 lim

𝜑→𝜋/4

[
 
 
 
 −

1

√1 − tan(𝜑)2

2 − 3tan(𝜑)

2√1 − tan(𝜑) ]
 
 
 
 

 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2 lim

𝜑→𝜋/4

[
 
 
 
 −

1

√(1 + tan(𝜑))√(1 − tan(𝜑))

2 − 3tan(𝜑)

2√1 − tan(𝜑) ]
 
 
 
 

 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2 lim

𝜑→𝜋/4

[
 
 
 
 −

1

√1 + tan(𝜑)

2 − 3tan(𝜑)
2 ]

 
 
 
 

 

Substituting 𝜑 =  𝜋/4: 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2

[
 
 
 
 −

1

√1 + tan(𝜋/4)

2 − 3tan(𝜋/4)
2 ]

 
 
 
 

 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2 [

−
1

√1 + 1
2 − 3

2

] 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 2√2 [

2

√2
] 

lim
𝛽→1

[ lim
𝜑→𝜋/4

(
𝑇𝑜

𝑌𝑜
)] = 4                                                                                                                              [60] 

Therefore, it is proven that To/Yo = 4 when  =1 and  = /4. 


